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We perform molecular-dynamics simulations for polymer melts of a coarse-grained polyvinyl al-
cohol model that crystallizes upon slow cooling. To establish the properties of its high temperature
liquid state as a reference point, we characterize in detail the structural features of equilibrated
polymer melts with chain lengths 5 ≤ N ≤ 1000 at a temperature slightly above their crystalliza-
tion temperature. We find that the conformations of sufficiently long polymers with N > 50 obey
essentially the Flory’s ideality hypothesis. The chain length dependence of the end-to-end distance
and the gyration radius follow the scaling predictions of ideal chains and the probability distribu-
tions of the end-to-end distance, and form factors are in good agreement with those of ideal chains.
The intrachain correlations reveal evidences for incomplete screening of self-interactions. However,
the observed deviations are small. Our results rule out any pre-ordering or mesophase structure
formation that are proposed as precursors of polymer crystallization in the melt. Moreover, we
characterize in detail primitive paths of long entangled polymer melts and we examine scaling pre-
dictions of Rouse and the reptation theory for the mean squared displacement of monomers and
polymers center of mass.
INTRODUCTION
Polymer melts are dense liquids consisting merely of
macromolecular chains. The main characteristic of poly-
mer melts is their high-packing density which leads to
overlapping of pervaded volume of their chains [1]. As
a result, density fluctuations in a melt are small and
similar to a simple fluid every monomer is isotropically
surrounded by other monomers that can be part of the
same chain or belong to other chains. As a consequence
the chains conformations in the molten state are close to
random walks. Nevertheless, the crystallization of poly-
mer melts remarkably differs from monomeric liquids due
to chain connectivity constraints that must be compati-
ble with lattice spacings of a crystalline structure. Upon
cooling of a crystallizable polymer melt, a semicrystalline
structure emerges that comprises of regularly packed, ex-
tended chain sections surrounded by amorphous strands
[2].
Despite intensive research, the mechanism of polymer
crystallization is still poorly understood as this process
is determined by an intricate interplay of kinetic effects
and thermodynamic driving force [3, 4]. From theoreti-
cal perspective, attempts have been made to understand
thermodynamics of polymer crystallization. These ef-
forts include lattice-based model [5], Landau-de Gennes
types of approach [6] and density functional theory [7, 8].
Among these, the density-functional theory is a partic-
ularly promising approach as it can predict equilibrium
features of inhomogeneous semicrystalline structure from
the homogeneous melt structure provided that a suit-
able free-energy functional is employed and accurate in-
formation about chain conformations and structure of
∗ Correspondence to: sjabbari@uni-mainz.de
polymeric liquids is supplied [9]. Such an input can
be obtained from simulations of a crystallizable polymer
melt that allow us to compute the intrachain and inter-
chain correlation functions. Here, our aim is to char-
acterize conformations of a crystallizable polymer melt
model known as coarse-grained polyvinyl alcohol (CG-
PVA) [10]. Owing to its coarse-grained nature, this
model allows for simulations of large-scale structure of
semicrystalline polymers.
The CG-PVA is a bead-spring polymer model that is
obtained by a systematic coarse-graining from atomistic
simulations of polyvinyl alcohol [11]. The coarse-graining
procedure maps all the atoms of a monomer into one bead
and a bending potential is extracted from the bond-angle
distribution of atomistic simulations of PVA polymers.
The main distinctive feature of the model is its triple-
well intrachain bending rigidity that leads to formation
of chain-folded crystallites upon slow cooling of the melt
[10, 12]. Although the model does not take into ac-
count the intermolecular hydrogen bonding interactions,
it reproduces the main features of polymer crystallization
such as lamella formation. Recently, the CG-PVA model
has been employed to study the dependence of polymer
crystallization on the chain length [13, 14]. To under-
stand the influence of chain length and entanglements
on the melt crystallization [15, 16], the properties of its
high-temperature liquid state need to be firmly estab-
lished as a reference point. Here, we focus on the static
and dynamic properties of CG-PVA polymer melts at a
temperature which is 1.1 times the crystallization tem-
perature.
The prior studies of structural properties of this sys-
tem have been limited to static properties of short chains
N ≤ 100 [17] with purely repulsive interactions. Here, we
present the results for CG-PVA polymer melts with 5 ≤
N ≤ 1000 with attractive interactions. Characterizing
the conformational features of longer polymer melts, we
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2accurately determine the persistence length, the Flory’s
characteristic ratio and the entanglement length of CG-
PVA polymers. Examining carefully the consequences of
the triple-well bending potential on chain conformations,
we barely find any evidence of pre-ordering or microstruc-
ture formation as precursors of crystallization. Encom-
passing a crossover from short unentangled chains to the
entangled ones, we examine the credibility of Flory’s ide-
ality hypothesis and manifestations of incomplete screen-
ing of excluded volume and hydrodynamic interactions
on the structural and dynamical features of entangled
polymer melts with a finite persistence length.
Flory’s ideality hypothesis states that polymer confor-
mations in a melt behave statistically as ideal random-
walks on length scales much larger than the monomer’s
diameter [18, 19]. This ideality hypothesis is a mean-
field result that relies on the negligibility of density fluc-
tuations in polymer melts. Therefore, its validity is not
taken for granted. Indeed, the computational studies of
fully flexible long polymers for both lattice (bond fluc-
tuation) and continuum (bead-spring) models have re-
vealed noticeable deviations from the ideal chain behav-
ior [20–24]. The theoretical calculations show that these
deviations result from the interplay between the chain
connectivity and the melt incompressibility which fos-
ter an incomplete screening of excluded volume interac-
tions [21, 23, 25]. However, a recent study of confor-
mational properties of long locally semiflexible polymer
melts demonstrates that the deviations diminish as the
chains bending stiffness increases and the conformations
of sufficiently stiff chains are well described by the theo-
retical predictions for ideal chains [26].
Investigation of the static scaling behavior of locally
semiflexible CG-PVA polymer melts confirms that CG-
PVA polymers display globally random-walk like confor-
mations. Notably, for chains with N > 50, the results
of the end-to-end distance, gyration radius, the probabil-
ity distribution functions and the chain structure factor
are in good agreement with the theoretical predictions
for ideal chains. However, inspection of intrachain cor-
relations reveals some evidences for deviations from ide-
ality. The mean-square internal distances of long chains
N > 100 are slightly swollen compared to ideal chains
due to incomplete screening of excluded volume inter-
actions. Additionally, the second Legendre polynomial
of angle between bond vectors exhibits a power law de-
cay for curvilinear distances larger than the persistence
length providing another testimony for self-interaction of
chains. Nonetheless, we note that these visible deviations
are small.
The remainder of the paper is organized as follows. In
Sec. II, we briefly review the CG-PVA model and provide
the simulation details. We present a detailed analysis of
conformational and structural features of polymer melts
in Sec. III and we compare simulation results to the
theoretical predictions for ideal chains. We investigate
conformational properties of the primitive paths of long
chains in section IV where we determine the entangle-
ment length of fully equilibrated CG-PVA chains. Sec.
V explores the segmental motion of polymers at different
characteristic timescales and examines the scaling laws
predicted by the Rouse model and the reptation theory
[1, 19, 27]. Finally, we summarize our main findings and
discuss our future directions in section VI.
MODEL AND SIMULATION DETAILS
We equilibrate polymer melt configurations of the
coarse-grained polyvinyl alcohol (CG-PVA) model using
molecular dynamics simulations. In the following, we
first briefly review CG-PVA model and then provide the
details of simulations.
Recap of the CG-PVA model
In the CG-PVA bead-spring model, each bead of the
coarse-grained chain with diameter σ = 0.52 nm corre-
sponds to a monomer of the PVA polymer. The fluctua-
tions of the bond length about its average value b0 = 0.5σ
are restricted by a harmonic potential with a bond stiff-
ness constant kbond = 2700kBT/σ
2
Ubond =
1
2
kbond(b− b0)2 (1)
that leads to bond length fluctuations with a size much
smaller than the monomer diameter. Monomers of dis-
tinct chains and the same chain that are three bonds or
farther apart interact by a soft 6-9 Lennard-Jones poten-
tial,
Unb(r) = 0
[
(
σ0
r
)9 − (σ0
r
)6
]
(2)
in which σ0 = 0.89σ and 0 = 1.511 kBT0 . Here,
T0 = 550 K is the reference temperature of the PVA
melt [10]. We truncate and shift the Lennard-Jones po-
tential at rC = 1.6σ in our simulations. Our choice of
rC is different from initial studies where the non-bonded
interactions were truncated at the minimum of the LJ
potential rmin ≈ 1.02σ and thus were purely repulsive.
The purely repulsive model was initially used to study
structure formation in the quiescent state [10, 15, 16, 28].
The attractive part is needed for non-equilibrium stud-
ies of deformation [12, 13, 29]. Note that the choice of
rC = 1.6 leads to an increase of density by about 10 %
with respect to the purely repulsive conditions. However,
the structural properties of the melt remain essentially
unaffected.
The distinguishing characteristic of the CG-PVA
model is its triple-well angle-bending potential [10] as
presented in Fig. 1. This bond angle potential is deter-
mined directly from atomistic simulations by Boltzmann
inversion of the probability distribution of the bond an-
gle θ [10, 11]. The minima of Ubend(θ) reflect the specific
states of two successive torsion angles at the atomistic
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FIG. 1. The angular dependence of bending potential
Ubend(θ) for CG-PVA model as a function of the angle θ be-
tween two successive bond vectors.
N nc teq/τ × 106 ρmσ3 Rg/σ Re/σ
5 1000 0.05 2.06 0.615 1.63
10 1000 0.05 2.20 1.08 2.98
20 1000 0.10 2.28 1.79 4.79
30 1000 0.15 2.30 2.35 6.09
50 1000 0.32 2.33 3.17 8.11
100 320 0.9 2.34 4.69 11.73
200 500 2.5 2.35 6.68 16.53
300 300 6 2.35 8.25 20.31
500 500 20 2.35 10.85 26.49
1000 500 15 2.36 15.11 37.27
TABLE I. Summary of polymer melts configurations pro-
duced in the simulations and the equilibration time before
the measurements were started teq. N is the number of beads
in a chain, nc is the number of chains. We also report the
values of average monomer density ρm, average gyration ra-
dius Rg =
√〈R2g〉 and end-to-end distance Re = √〈R2e〉 of
the equilibrated polymer conformations.
level and they correspond to three energetically favor-
able states, trans-trans, trans-gauche and gauche-gauche.
Therefore, the bending potential retains semiflexibility of
chains originated from the torsional states of the atom-
istic backbone [10].
Units and simulation aspects
We carry out molecular dynamics simulations of CG-
PVA polymers with chains lengths 5 ≤ N ≤ 1000 using
LAMMPS [30]. We report the distances in length unit
σ = 0.52 nm. [10]. The time unit from the conversion
relation of units is τ =
√
mσ2/kBT with the monomer
mass m = 1. The starting melt configurations are pre-
pared by generating an ensemble of nc (number of chains)
self-avoiding random walks composed of N monomers
with an initial density of ρσ3 = 2.31. To remove the
interchain monomer overlaps, we use a slow push off
method in which initially a very weak LJ potential with
σ = 0.5σ0 and a very small LJ = 10
−3 is switched on.
Next, the range and strength of Lennard-Jones potential
are gradually increased to their final values. We equi-
librate disordered melt structures in the NPT ensemble
using a Berendsen barostat and a Langevin thermostat
with friction constant Γ = 0.5. The temperatures and
pressures are reported in reduced units T = 1.0 and
P = 8, equivalent to T0 = 550 K and P0 = 1 bar in
atomistic simulations. The time step used through all
the simulations is 0.005τ . The chosen melt temperature
is about 10% higher than the crystallization temperature
Tc ≈ 0.9 of long polymer melts (N ≥ 50) obtained at a
cooling-rate of 10−6 τ−1 [13].
The polymer configurations for N ≤ 500 were equi-
librated until the average monomers mean-square dis-
placement 〈∆r2(t)〉 is equal or larger than their mean
square end-to-end distance 〈R2e〉. The time for which
〈∆r2(t)〉 = 〈R2e〉 is a measure of the relaxation time and
it is comparable to the Rouse time for the short chains
and the disengagement time for the entangled chains
[19] as will be verified in section V. Polymer melts with
N = 1000, were equilibrated until 〈∆r2(t)〉 is comparable
to their mean-square gyration radius 〈R2g〉. Table 1 pro-
vides a summary of configurations of polymers and the
simulation time for equilibration after push off stage in
units of τ . Then, the data for characterization of static
and dynamic properties are acquired.
In order to analyze the static properties of CG-PVA
polymers, we extract from the polymer configurations
the normalized probability distribution functions of the
internal distances, the gyration radius, the bond length
and angle of polymers as well as the bond length and
angle of their primitive paths. We acquire the numeri-
cal probability distribution of a desired observable x by
accumulating a histogram HN (x) of a fixed width ∆x.
Then, we calculate the normalized probability distribu-
tion function as PN (x) =
HN (x)∑
x′ HN (x′)∆x
.
STRUCTURAL FEATURES OF CG-PVA
POLYMER MELTS
We first present the results on the chain-length depen-
dence of the mean square end-to-end distance and the gy-
ration radius for chain sizes in the range 5 ≤ N ≤ 1000.
The mean square end-to-end distance is defined as
〈R2e〉 =
1
nc
nc∑
i=1
〈(ri,N − ri,1)2〉 (3)
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FIG. 2. Log-log plot of rescaled mean square end-to-end dis-
tance 〈R2e〉/(6〈b2〉) and gyration radius 〈R2g〉/〈b2〉 versus N
where 〈b2〉 = 0.247. The solid line shows a linear fit of
〈R2e〉/6〈b2〉 for N > 50. Hence, sufficiently long CG-PVA
polymers in a melt follow 〈R2e〉 ∝ 〈R2g〉 ≈ N2ν with the scal-
ing exponent ν = 1/2 in agreement to that of ideal chains.
and the mean square gyration radius is given by
〈R2g〉 =
1
ncN
nc∑
i=1
〈
N∑
n=1
(ri,n − ri,cm)2〉 (4)
where ri,n is the position of nth monomer of chain num-
ber i and ri,cm is the center of mass position of the ith
polymer chain in a sample. Here, 〈· · · 〉 includes an aver-
aging over 50 − 200 equilibrated configurations that are
1 − 5 × 103τ apart for the shorter chains and 5 × 104τ
apart for the longer chains with N > 200. Fig. 2 shows
〈R2g〉/〈b2〉 and 〈R2e〉/(6〈b2〉) as a function of chain length
N . Here, 〈b2〉 := `2b = 0.2477 ± 0.0002 denotes the
mean-square bond length that is independent of the chain
length. The longer chains with N > 50 follow the rela-
tion 〈R2e〉/〈R2g〉 = 6 valid for ideal chains [27]. For shorter
chains the ratio 〈R2e〉/〈R2g〉 is in the range 6.5−7.5. Addi-
tionally, chains with N > 50 follow the scaling behavior
of ideal chains 〈R2e〉 ∝ 〈R2g〉 ∝ N . The extracted scal-
ing exponent from fitting 〈R2e〉 ∝ N2ν versus N with a
power law gives ν = 0.50 that is identical to the value for
the ideal chains. The observed scaling behavior for the
mean square end-to-end distance and the gyration radius
of CG-PVA polymers with N > 50 suggests that long
polymers behave like ideal chains. In the following, we
investigate in more detail the conformational statistics of
individual chains, and compare them to the theoretical
predictions for ideal chains [1, 27] .
Intrachain correlations
We begin by characterizing the intrachain correlations
for both monomer positions and bond orientations. To
quantify the positional intrachain correlations, we calcu-
late the mean-square internal distances (MSID) for vari-
ous chain lengths defined as
〈R2(n)〉 = 1
nc
〈
nc∑
i=1
N−n∑
j=1
1
N − n (ri,j − ri,j+n)
2
〉
(5)
where n is the curvilinear (chemical) distance between
the jth monomer and the (j + n)th monomer along the
same chain. MSID is a measure of internal chain con-
formation that can be used to evaluate the equilibration
degree of long polymers.
In Fig. 3a, we present the rescaled mean square in-
ternal distance, 〈R2(n)〉/n`2b obtained by averaging over
50 − 200 polymer melt configurations that are 103 τ
(5× 104 τ) apart for short (long) chains. Up to n ≈ 10,
we find a good collapse of all the MSIDs. However, for
larger curvilinear distances, the MSIDS of longer chains
N > 100 are slightly larger but all follow the same mas-
ter curves suggesting that longer chains are a bit swollen
due to chains self-interactions. Note that the deviations
of 〈R2(n)〉/n`2b of N = 1000 chains for curvilinear dis-
tances n > 100 from other long chains are due to their
poor equilibration. These results show that theN = 1000
chains are equilibrated at shorter length scales but their
large-scale conformation still needs much longer equili-
bration time τeq ∝ 3N3/Neτ ≈ 108τ where Ne ≈ 36 is
the entanglement length as will be discussed in the sec-
tion IV.
From the asymptotic behavior of mean square end-to-
end distances of long CG-PVA chains, we can extract
their characteristic ratio C∞ and Kuhn length `K . The
characteristic ratio is defined by the relation 〈R2e(N)〉 =
C∞(N − 1)`2b where `b is the average bond length. From
MSID of longer polymers, N = 300 and N = 500, we
obtain C∞ = 5.70 ± 0.04. The Kuhn length gives us
the effective bond length of an equivalent freely jointed
chain which has the same mean square end-to-end dis-
tance R2e and the same maximum end-to-end to distance
Rmax [1]. For a freely jointed chain with Nk Kuhn seg-
ments with bond length `K , we have Rmax = (Nk − 1)`k
and 〈R2e(Nk)〉 = (Nk − 1)`2k. For CG-PVA polymers, we
find Rmax = (N−1)`b and 〈R2e(N  1)〉 = 5.70(N−1)`2b .
Equating 〈R2e(N)〉 and Rmax of the CG-PVA chains with
those of the equivalent freely jointed chain, we obtain
`k = 5.70`b = 2.83 σ.
Next, we compare the mean square internal distance of
CG-PVA polymers with 〈R2(n)〉 of the generalized freely
rotating chain (FRC) model [18, 31] for ideal chains. If
the excluded volume interactions between different parts
of a certain polymer are screened, one expects the FRC
model to provide a good description of CG-PVA polymer
melts. 〈R2(n)〉 of FRC model only depends on the value
of 〈cos θ〉 where θ is the angle between any two successive
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FIG. 3. (a) Rescaled mean square internal distance, 〈R2(n)〉/n`2b plotted as a function of the curvilinear distance n along the
chain backbones for several chain lengths. The solid line shows the theoretical prediction of the generalized freely rotating chain
(FRC) model with 〈cos θ〉 = 0.699. (b) Semilog plot of bond-bond orientational correlation function 〈cos θ(n)〉 versus n for
various chain sizes. The straight line shows the fit with exponential decay of the form exp(−`b/`pn) with `b/`p = 0.35± 0.01.
The inset shows a linear-linear plot of diminishing bond-bond orientational correlation function of N = 200, 300 and 500 for
10 < n ≤ 40.
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FIG. 4. Bond-bond orientational correlation function
〈cos θ(n)〉 of CG-PVA polymers of chain length N = 200 ver-
sus n at different temperatures as given in the legend. The
samples at T = 0.9 and 0.8 are obtained from cooling of melt
at T = 1 with constant rate of 10−6 τ . The inset depicts a
log-log plot of 〈cos θ(n)〉 at T = 2 for which a power law decay
at n > 10 emerges.
bonds in a chain. It is given by
〈R2(n)〉 = n`2b
(
1 + 〈cos θ〉
1− 〈cos θ〉 −
2
n
〈cos θ〉(1− 〈cos θ〉n)
(1− 〈cos θ〉)2
)
.
(6)
The value of 〈cos θ〉 for the CG-PVA model can be
obtained from PN (θ) ∝ exp[−βUbend(θ)] as
〈cos θ〉 =
∫ pi
0
sin θ cos θ exp[−βUbend(θ)]∫ pi
0
sin θ exp[−βUbend(θ)]
. (7)
where Ubend(θ) is presented in Fig. 1. Doing the inte-
gration in Eq. (6) at T = 1.0 numerically, we obtain
〈cos θ〉 = 0.6985. We can also directly infer 〈cos θ〉 from
the MD simulations results as 〈cos θ〉 ≡ 〈b̂i,j · b̂i,j+1〉
where b̂i,j is the jth unit bond vector of the ith chain and
the averaging is carried out over all the chains and 100-
500 equilibrated polymer melt configurations that are 103
τ apart. From MD simulations, we deduce the univer-
sal value of 〈cos θ〉 = 0.699 ± 0.005 independent of the
chain length. This value agrees well with the Boltzmann-
averaged mean value.
In Fig. 3a, we have also included the MSID of an
equivalent freely rotating chain with 〈cos θ〉 = 0.699. We
find that MSIDs of short chains N ≤ 100 fully agree
with that of the freely rotating chain model whereas
the MSIDs of longer chains present noticeable deviations
from the FRC theory for n > 10. Hence, FRC model
slightly underestimates the MSID of longer chains. Like-
wise, the characteristic ratio of the FRC model, given
by C∞ =
1+〈cos θ〉
1−〈cos θ〉 = 5.64 is slightly lower than the
C∞ = 5.70 estimated from the simulation results. These
very small deviations are most-likely due to the corre-
lation hole effect that stems from incomplete screening
of interchain excluded volume interactions and leads to
long-range intrachain correlations [27].
The observed swelling of long chains suggests that
an evidence of remnant long-range bond-bond correla-
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FIG. 5. (a) Non-Gaussian parameter defined as α(n) = 1/2(5 − 3〈R4(n)〉/〈R2(n)〉2) plotted as a function of the curvilinear
distance n for several chain lengths. The solid line shows the theoretical prediction of the generalized freely rotating chain
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n < 5, and it exhibits a power law for larger n values. The inset shows that the average of second Legendre polynomial of
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tions should be detectable. Thus, we examine the intra-
chain orientational bond-bond correlations 〈cos θ(n)〉 ≡
〈b̂i,j · b̂i,j+n〉 as a function of the internal distance 1 ≤
n ≤ N − 1. Fig. 3b represents the orientational bond-
bond correlations for different chain lengths that are ob-
tained by averaging over 500-2500 equilibrated config-
urations that are 103τ apart. We find that the bond-
bond correlation functions of all the chain lengths decay
exponentially up to n ≈ 10 and can be well described
by exp(−0.35n). We extract the so-called persistence
length `p from the bond-bond orientational correlation
functions. `p is defined by their decay length, more pre-
cisely:
〈b̂i,j · b̂i,j+n〉 = exp(−n`b/`p). (8)
Using `b = 0.497 and `b/`p = 0.35, we obtain `p =
2.85`b = 1.42σ. Alternatively, we can estimate the persis-
tence length from 〈cos θ〉 = 0.699 as `p = −`b/ ln(〈cos θ〉)
which leads to `p = 2.79`b comparable to the estimated
value from fitting the bond-bond orientational correla-
tion functions with an exponential decay. Notably, the
relation `k = 2`p valid for worm-like chains roughly holds
for semiflexible CG-PVA polymers.
For larger n values, similar to the MSIDs, bond-bond
correlations deviate from exponential decay but we do
not observe any sign of long-range power law decay re-
ported for 3D melts of chains with zero persistence length
[20] and the semiflexible polymers with a harmonic bend-
ing potential [24]. A careful examination of the bond-
bond correlations of longer chains, for which we have suf-
ficient statistics (inset of Fig. 3b), shows that 〈cos θ(n)〉
becomes slightly negative for larger n values with a dip
around n ≈ 20 before it decays to zero. This feature is
most likely a precursor of crystallization as T = 1 = 1.1Tc
is slightly above the crystallization temperature. Al-
though the negative dip in 〈cos θ(n)〉 is convergent for
all the three well equilibrated chain lengths, further in-
vestigations are required to establish the existence and
origin of this negative dip. Especially, a better statistics
is needed to calculate the error bars.
In Fig. 4, we have investigated the temperature de-
pendence of 〈cos θ(n)〉 for N = 200 where the data for
T < 1 are obtained from cooling of the melt [28, 29].
As can be deduced from Fig. 4 at T = 0.9 and 0.8,
where the polymers are in the semicrystalline state, the
negative dip is further amplified due to local backfold-
ing of the chains. Equilibrating the polymers at higher
temperature of T = 2 well above Tc, we confirm that
their 〈cos θ(n)〉 is strictly positive as expected. The inset
of Fig. 4 depicts a log-log plot of 〈cos θ(n)〉 and shows
that beyond n ≈ 10, bond-bond correlation exhibits a
power law decay that is a signature of long-range chain
self-interactions.
To further inspect the origin of small but system-
atic deviations from the FRC model, we investigate the
non-Gaussian parameter of CG-PVA polymers and com-
pare it to that of the FRC model prediction. The non-
Gaussian parameter is defined in terms of second and
fourth moments of internal distances α(n) = 1/2(5 −
3〈R4(n)〉/〈R2(n)〉2) and it vanishes if the internal dis-
tances R(n) are Gaussian distributed. The fourth mo-
ment of internal distances 〈R4(n)〉 of the FRC model de-
pends only on 〈cos θ〉 and 〈P2(cos θ)〉 [32] where P2(x) =
3/2x2 − 1/2 is the second Legendre polynomial. Fig. 5a
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FIG. 6. (a) Normalized probability distribution of the bond length PN (b) for different chain lengths as shown in the legend. The
solid line depicts a fit PN (b) by a Gaussian distributions given in Eq. (11) with the parameters `b0 = 0.49694 and σb0 = 0.01959.
(b) Normalized probability distribution of the bond angle θ. The solid curve shows the theoretical prediction for the probability
distribution of bond angles according to sin θ exp(−Ubend(θ)/kBT ).
presents the non-Gaussian parameter of CG-PVA poly-
mers of different chain lengths that is compared to that
of the FRC model evaluated with 〈cos θ〉 = 0.699 and
〈P2(cos θ)〉 = 0.37 extracted from simulation results.
Overall, we find a good agreement between the α(n) of
CG-PVA polymers and that of the FRC model. How-
ever, we notice small deviations from the FRC model for
long chains and n > 50.
In Fig. 5b, we have plotted 〈P2(cos θ(n))〉 for dif-
ferent chain lengths. According to the FRC the-
ory, 〈P2(cos θ(n))〉 should also decay exponentially as
〈P2(cos θ(n))〉 = 〈P2(cos θ)〉n [33]. We find that the ini-
tial decay of 〈P2(cos θ(n))〉 up to n = 5 is well described
by the FRC model predictions. However, for larger n
we observe important deviations from the FRC model
and 〈P2(cos θ(n))〉 exhibits a clear power law behavior
over more than one decade of n. The observed power
law behavior is a manifestation of long-range bond-bond
correlations along the chain backbone that result from in-
complete screening of excluded volume interactions. As
noted by Meyer et. al. in the case of 2D polymer melts,
it is related to the return probability after n bonds and
the local nematic ordering of nearby bonds [34].
To understand better the origin of this power law de-
cay, we investigate the intrachain nematic ordering by
calculating the 〈P2(cos θ(r))〉 for all bond pairs that be-
long to the same chain and their midpoints are a distance
r apart. 〈P2(cos θ(r))〉 is almost independent of chain
length for N > 50. In the inset of Fig. 5b, we have pre-
sented the 〈P2(cos θ(r))〉 as a function of distance r for
N = 500. As can be seen, the orientational correlations
oscillate and decay rapidly with r. This behavior shows
that for a fixed curvilinear distance n only bonds which
are spatially close to each other with separations r ≈ 1
contribute to 〈P2(cos θ(n))〉. Therefore, one expects that
〈P2(cos θ(n))〉 will be directly proportional to the return
probability of monomer after n bonds [34] that we denote
by pret(n). More precisely
〈P2(cos θ(n)) ∝ pret(n) ≡ lim
R(n)→0
Ψ[R(n)] (9)
where Ψ[R(n)] is the probability distribution function of
R(n) i .e. the end-to-end vector of all the chain segments
(subchains) with n bonds.
For an ideal self-similar chain Ψ[R(n)] for any subchain
of size n follows a Gaussian distribution of the form
ΨGauss[R(n)] =
(
3
2pi〈R2(n)〉
)3/2
exp
(
− 3R
2(n)
2〈R2(n)〉
)
(10)
where 〈R2(n)〉 ∼ n2ν and ∫∞
0
4piR2Ψ(R)dR = 1 [1, 19].
Hence, the return probability scales as pret(n) ∼ n−3ν =
n−3/2. For semiflexible CG-PVA polymers with local cor-
relations, we expect that Ψ[R(n)] follows Eq. 10 for
n  1. The scaling exponent that we obtain from fit-
ting of 〈P2(cos θ(n)) with power law is −1.4 ± 0.1, that
is not so far from the prediction for the Gaussian chains.
This small discrepancy is most likely due to insufficient
statistics for large n values. To test the validity of Gaus-
sian distribution for the internal distances we examine
the behavior of intrachain distributions in the subsequent
subsection.
Intrachain distribution functions
Having examined the intrachain correlations, we inves-
tigate conformational behavior of chains by extracting
8the probability distribution of the internal distances, i.e.
P [R(n)] = 4piR2(n)Ψ[R(n)] from the polymer configura-
tions. As before, R(n) denotes the distance between any
pair of monomers i and j that are n ≡ |i−j| bonds apart.
Let us first consider the probability distribution function
of bond length PN (b) corresponding to R(n = 1). In Fig.
6a, we have shown the distribution of bond length that
is independent of the chain length N . The normalized
distributions of bond length b can be well described by a
Gaussian distribution of the form
PN (b) =
exp[− (b−`b0)2
2σ2b0
]√
2piσ2b0
, (11)
in which σb0 represents the standard deviation and the
peak value `b0 = 0.497 agrees with the average bond
length.
Next, we examine the probability distributions of
bond angles PN (θ) and compare them with the form
expected from the Boltzmann distribution PN (θ) =
Aθ sin θ exp[−βUbend(θ)] where Aθ is a normalization
constant such that
∫ pi
0
dθPN (θ) = 1. Fig. 6b presents
PN (θ) obtained from accumulating the histograms of
bond-angles and the Boltzmann distribution prediction.
Overall, we find a good agreement between the two prob-
ability distribution functions for all the chain lengths.
Next, we focus on the normalized probability distribu-
tion of internal distances P [R(n)] for n > 1 and compare
them to the theoretical distribution functions. The exact
segmental size distribution functions of semiflexible poly-
mers for an arbitrary n are not known. However, Koyama
has proposed approximate expressions for the probabil-
ity distribution functions of wormlike chain model [35]
that are applicable to any semiflexible polymer model for
curvilinear distances larger than the persistence segment
[36]. The Koyama distribution is constructed in such a
way that it reproduces the correct second and forth mo-
ments of internal distances, i.e. 〈R2(n)〉 and 〈R4(n)〉
and it interpolates between the rigid-rod and the Gaus-
sian coil limits [36]. It is found to account rather well for
the site-dependence of the intrachain structure of short
CG-PVA polymers [17].
The Koyama distribution can be expressed in terms of
scaled internal distances r(n) = R(n)/
√〈R2(n)〉 as
PKoyama(r) =
r√
2/3piη(1− η) [e
(
− 3(r−
√
η)2
2(1−η)
)
− e
(
− 3(r+
√
η)2
2(1−η)
)
]
(12)
in which η =
√
α(n) and
∫∞
0
PKoyama(r)dr = 1. As one
would expect, at sufficiently large n for which the non-
Gaussian parameter α(n) vanishes, the Koyama distribu-
tion becomes identical to the Gaussian distribution valid
for fully flexible ideal chains. For ideal chains, the prob-
ability distribution function of the R(n) is given by Eq.
(10). As a result, the corresponding probability distri-
bution function for the reduced internal distances, r(n),
follows from
PGauss(r) = 4pir
2
(
3
2pi
)3/2
exp(−3r2/2〈r2〉) (13)
where
∫∞
0
PGauss(r)dr = 1. Particularly, one expects
that the distribution functions of the end-to-end distance
of sufficiently long chains should follow this distribution.
Let us first look at the distribution of internal dis-
tances for short subchains (segments). We verified the
distribution of subchains does not depend on the chain
length. Therefore, we focus on subchains of polymers
with N = 500 monomers. Fig. 7a presents P [r(n)] for
subchains comprising of n = 2 and 5 bonds. As can
be seen, for such short segments the features of angu-
lar potential are dominant and the Koyama distribution
can not provide an accurate description of segmental size
distribution although it agrees well with P [r(n)] in the
central region of the distribution and it captures accu-
rately the height of the peaks.
Fig. 7b shows P [r(n)] for subchains with n = 9 and 29
bonds that are larger than the persistence segment size.
We note that the signature of bending potential is still
visible for n = 9. Thus, the Koyama distribution does
not provide a good description. For n = 29, the Koyama
distribution agrees quite well with the P [r(n)] extracted
from simulations whereas the Gaussian distribution ex-
hibits a poorer agreement. Additionally, we have in-
cluded the distribution of the scaled end-to-end distance
of short chains with N = 10 and N = 30 monomers
in Fig. 7b. They coincide with the distributions of sub-
chains with the same length. These results show that the
chain-end effects, if any, are negligible and P [r(n)] only
depends on n. For longer subchains n = 50 and 100,
P [r(n)] depicted in Fig. 7c displays a perfect agreement
with the Koyama distribution. For such long subchains,
the distribution functions approach to that of a Gaussian
given by Eq. (13), as one would expect.
Finally, we present the normalized probability distri-
butions of the scaled end-to-end distance re for N > 50
in Fig. 8a. All the data for PN (re) collapse on a single
master curve. We find a very good agreement between
the master curves and the theoretical prediction for the
N -independent normalized distribution function given by
Eq. (13) as demonstrated in Fig. 8a.
Fig. 8b shows the normalized probability distributions
PN (rg) of the scaled gyration radius rg = (R
2
g/〈R2g〉)1/2
for different chain lengths. Similar to PN (re) , the PN (rg)
of chains with N ≥ 50 collapse on a single master curve.
The exact expression for the probability distribution of
the gyration radius is more complicated and does not
have a compact form [37]. However, the formula sug-
gested by Lhuillier [38] for polymer chains under good
solvent conditions is found to provide a good approxi-
mation for ideal chains [24, 26, 39] too. The Lhuillier
formula for the scaled gyration radius rg in d-dimensions
reduces to
PN (rg) = Ag exp
(−a1r−αdg − a2rδg) (14)
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with parameters ν = 1/2, a1 = 0.125 , a2 = 1.54 and Ag = 7.8.
in which the exponents α and δ are related to the space
dimension d and the Flory exponent ν by α = (νd−1)−1
and δ = (1− ν)−1. a1 and a2 are system-dependent non-
universal constants and Ag is a normalization constant
such that
∫∞
0
PN (rg)drg = 1. We find that the data
of PN (rg) of CG-PVA polymers can be well fitted by the
N -independent normalized distribution function given by
Eq. (14) as plotted in Fig. 8b. Having investigated the
conformational properties of CG-PVA polymers, we focus
on their structural properties in the Fourier space in the
next subsection [17, 34].
Form factor and structure factor
A common way to characterize the structural proper-
ties of polymer melts is to explore their structure factor
that can be measured directly in the scattering experi-
ments. The structure factor encompasses the informa-
tion about spatial correlations between the monomers
via Fourier transform of density-density correlation func-
tions. For spatially homogeneous and isotropic systems
such as polymer melts at equilibrium, the static structure
factor only depends on the modulus q of the wave vector.
The static structure factor S(q) measured in scattering
experiments of amorphous melts is often spherically av-
eraged over all the wave vectors q with the same modulus
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q. This quantity can be computed as
S(q) =
1
Nnc
nc∑
i,j=1
N∑
n,m=1
〈exp [−iq · (ri,n − rj,m)]〉 (15)
where the angular brackets represent averaging over all
the wave vectors with the same modulus and all the melt
configurations.
S(q) given in Eq. (15) encompasses scattering from all
the monomer pairs. It can be split into intrachain and
interchain contributions
S(q) = Sc(q) + ρmh(q) (16)
where ρm = Nnc/V (V volume of the simulation box) is
the monomer density and
Sc(q) =
1
Nnc
nc∑
i=1
N∑
n,m=1
〈exp [−iq · (ri,n − ri,m)]〉 (17)
includes the contributions from intrachain pair correla-
tions and it is called intrachain or single chain structure
factor. Equivalently, F (q) = Sc(q)/N known as the form
factor [1] is used to quantity the intrachain correlations
in the Fourier space. The interchain contribution is given
by h(q) that is defined as the Fourier transform of inter-
molecular pair correlation function [40] as
h(q) =
V
(Nnc)2
nc∑
i 6=j
N∑
n,m=1
〈exp [−iq · (ri,n − rj,m)]〉.
(18)
We present the behavior of the form and structure fac-
tors for different chain lengths. We first focus on the form
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FIG. 10. The total structure factor versus q for different chain
lengths of CG-PVA polymers in the melt state.
factor as depicted in Fig. 9. The form factor of Gaussian
chains, known as the Debye function, is described by [1]
FDebye(q) =
2
Q2
[exp(−Q) +Q− 1] with Q = q2〈R2g〉
(19)
In order to compare the behavior of CG-PVA polymers in
the melt state with that of ideal Gaussian chains, in Fig.
9a, we have plotted the form factor of CG-PVA chains
and the Debye function versus qRg. For all the chain
lengths, we observe deviations from the ideal polymer
behavior at high q values. The onset of deviations shifts
progressively to larger wave vectors for longer chains. For
the longest chains N ≥ 300, we have also presented the
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FIG. 11. Comparison of (a) the interchain structure factor ρmh(q) and S(q) − 1 (b) the intrachin structure factor Sc(q) and
total structure factor of CG-PVA polymer melts with N = 50 and 500.
form factors F (q) in a Kratky-plot in Fig. 9b. This plot
confirms the existence of a Kratky plateau in the scale
free regime that extends up to qRg ≈ 20 for N = 1000.
The deviations at larger q values reflect the underlying
form of the bond angle potential Ubend(θ) that dominates
the behavior of the form factor at length scales smaller
or comparable to the Kuhn length.
Next, we present the structure factor of different chain
lengths in Fig. 10. As we notice, the S(q) of all the
polymer melts displays the characteristic features of the
liquid-state. We find a very weak dependence on the
chain length; for N > 50, the S(q) of various chain
lengths are identical. We notice several important fea-
tures in the structure factors. First, the structure factor
at low q is very small. By virtue of compressibility equa-
tion that relates the isothermal compressibility κT to the
structure of the liquid, i.e. limq→0 S(q) = ρmkbTκT , we
conclude that the polymer melts are almost incompress-
ible. Second, the first peak of S(q) at q∗ characterizes
the packing of monomers in the first nearest neighbor
shell. The value of q∗ nearly agrees with 2pi/σ0 reflect-
ing that the first peak of S(q) is dominated by interchain
contributions.
To gain more insight into the interchain correlations
of CG-PVA polymers, we compare ρmh(q) with that of
simple liquids with no internal structure. For such a sim-
ple liquid, we have Sc(q) = 1, hence ρmh(q) = S(q) − 1
[40]. Fig. 11a shows both ρmh(q) and S(q) − 1 for two
chain lengths N = 50 and N = 500. We find that in
the region near the first peak ρmh(q) and S(q) − 1 co-
incide confirming that the peak at q = q∗ is totally de-
termined by the interchain correlations. In Fig. 11a,
we have also included −Sc(q). We note that for very
low wave vectors beyond the peak region, ρmh(q) closely
agrees with −Sc(q). This behavior shows that the cor-
relation between monomers of different chains decreases
with increasing distance. This decrease is concomitant by
the increase of Sc(q) at low q values such that the sum
of both intrachain and interchain contributions yields a
small finite value for S(q) as q → 0.
In the other extreme of q  q∗, ρmh(q) deviates from
S(q)−1 as the large q behavior of structure factor is fully
determined by the intrachain correlations due to the cor-
relation hole effect [17, 27]. The correlation hole effect
leads to a decreased probability of finding a monomer
of another chain in the pervaded volume of a particu-
lar chain. To illustrate this point, in Fig. 11b, we have
shown Sc(q) and S(q) for N = 50 and N = 500 in the
same plot. We see that the large-q behavior is entirely
dominated by intrachain contributions. These observa-
tions are in agreement with the prior investigations for
short chain lengths 10 ≤ N ≤ 100 [17].
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FIG. 12. Normalized probability distributions of bond length
of the primitive paths PN (`
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solid lines show fits with the Gaussian distribution given in
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PRIMITIVE PATH ANALYSIS AND
ENTANGLEMENT STATISTICS
Having investigated conformational and structural fea-
tures of CG-PVA polymer melts, we focus on their topo-
logical characteristics, i.e. interchain entanglements. En-
tanglements stem from topological constraints due to the
chain connectivity and uncrossability that restrict the
movements of chains at the intermediate time and length
scales. As first noted by Edwards [41], the presence of
neighboring strands in a dense polymer melt effectively
confines a single polymer strand to a tube-like region.
The centerline of such a tube is known as the prim-
itive path (PP). A practical and powerful method for
characterizing the entanglements is primitive path anal-
ysis (PPA). Such an analysis provides us with an opera-
tional definition of primitive path and allows to investi-
gate statistics of chain entanglements.
There exists a couple of variants of PPA in the litera-
ture [42–44] that are all similar in spirit. Here, we imple-
ment the PPA method proposed by Everaers et al. [44]
that identifies the primitive path of each polymer chain
in a melt based on the concept of Edwards tube model
[41]. The primitive path is defined as the shortest path
between the chains ends that can be reached from the
initial conformations of polymers without crossing other
chains. In this analysis, topologies of chains are con-
served, and chains are assumed to follow random walks
along their primitive paths. Therefore, the primitive path
is a random walk with the same mean square end-to-end
distance 〈R2e〉 = 〈R2e〉(pp) but shorter bond length `(pp)b
and contour length L(pp) = (N − 1)`(pp)b .
In practice, by extracting the average bond length of
the primitive paths 〈`(pp)b 〉 = 1/(N − 1)〈
∑N−1
i=1 |ri+1 −
ri|〉, we can determine all the other desired quantities.
In particular, the Kuhn length of primitive path `
(pp)
K is
obtained as
`
(pp)
K =
〈R2e〉
〈L(pp)〉 =
〈R2e〉
(N − 1)〈`(pp)b 〉
. (20)
The so-called entanglement length Ne, defined as the av-
erage number of monomers in the Kuhn segment of the
primitive path, follows from
Ne =
`
(pp)
K
〈`(pp)b 〉
=
〈R2e〉
(N − 1)〈`(pp)b 〉2
. (21)
Operationally, we obtain the primitive paths of poly-
mers in a melt by slowly cooling the system toward T = 0
while the two chain ends are kept fixed. During this pro-
cedure, the intrachain excluded volume interactions and
bond angle potential are switched off. The system is then
equilibrated using a conjugate gradient algorithm in or-
der to minimize its potential energy and reach a local
minimum. We perform primitive path analysis for the
two longest chain lengths that are fully equilibrated, i.e.
N = 300 and 500 as it is known that poor equilibration
affects the entanglement length [43].
We first examine the probability distributions of the
bond lengths of the primitive paths, i.e. PN (`
(pp)
b ) as
presented in Fig. 12. The distributions of bond lengths
of the primitive paths are chain length dependent but
both are centered at `
(pp)
b = 0.20. Furthermore, the
primitive path bond length fluctuations are considerably
larger than those of their original paths. The normalized
distributions of primitive path bond length `
(pp)
b can be
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melts with chain lengths N = 300 and 500. The solid lines
show the theoretical prediction of the equivalent freely rotat-
ing chain (FRC) with 〈cos θ〉 = 0.6985 and 〈cos θ〉(pp) = 0.947.
well described by a Gaussian distribution of the form
PN (`
(pp)
b ) =
1√
2piσ2N
exp
(
(`
(pp)
b − 〈`(pp)b 〉)2
2σ2N
)
. (22)
where σN = 〈`(pp)b
2〉 − 〈`(pp)b 〉2 presents the N -dependent
standard deviation of `
(pp)
b .
Next, we investigate the statistical features of bond
angles of the primitive paths. Fig. 13a presents the
bond-bond orientational correlation function 〈cos θ(n)〉
as a function of internal distance n for the primitive paths
of chain lengths N = 300 and 500. For comparison, we
have also shown the 〈cos θ(n)〉 of the original polymer
conformations. Similar to the original polymer confor-
mations, the initial decay of 〈cos θ(n)〉 for 10 < n < 80
can be well described by an exponential decay. However,
at short scales n < 10, bonds are slightly stretched out
because of the constraints of fixed chain ends during min-
imization of primitive path length. Assuming an expo-
nential function of the form exp(−n〈`(pp)b 〉/`(pp)p ), we can
extract the persistence length of the primitive path `
(pp)
p .
From the fit values, we find `
(pp)
p = 19〈`(pp)b 〉 = 3.80σ
that is considerably larger than the persistence length of
the original conformations `p = 1.42σ.
We also examine the normalized probability distribu-
tions of bond angles θ of the primitive paths as dis-
played in Fig. 13b. Unlike the bond angle distribu-
tions of the original chain conformations, the bond angles
of the primitive paths is unimodal with its peak cen-
tered around θ = 4.5◦. Furthermore, the range of angles
shrinks from [0◦, 100◦] for the original paths to [0◦, 20◦]
for the primitive paths reflecting that the primitive paths
are mainly in stretched conformations.
0 5 0 1 0 0 1 5 00
1
2
 N = 3 0 0 N = 5 0 0
 
 
N eP
(N e
)
 N e
FIG. 15. Normalized probability distributions of the en-
tanglement lengths P (Ne) times the entanglement length Ne.
The dashed line shows the position of average entanglement
length 〈Ne〉 = 36.5 that coincides roughly with the peak po-
sition of NeP (Ne).
To explore the intrachain correlations of the primitive
paths, we have plotted the mean square internal dis-
tances 〈R2(n)〉/n of the original and primitive paths in
Fig. 14. As expected the values of 〈R2(n)〉/n for both
paths approach the same value with increasing n, since
the chains endpoints during the primitive path analy-
sis are held fixed. We find that results of 〈R2(n)〉 for
the primitive path can still be relatively well described
by the generalized FRC model provided that we use
〈cos θ〉(pp) = exp(−〈`(pp)b 〉/`(pp)p ) = 0.947 extracted from
bond-bond orientational correlations. Having confirmed
that the mean end-to-end distance of the primitive paths
remain identical to those of the original chains, we obtain
`
(pp)
K = 7.1 ± 0.05σ for the Kuhn length of the primitive
path. We note that the `
(pp)
K is larger than the Kuhn
length of polymers `K = 2.93 σ.
Subsequently, we acquire the distribution of entangle-
ment length P (Ne) as presented in Fig. 15a. We no-
tice that P (Ne) has a narrow distribution and presents a
weak dependence on N possibly resulting from the finite
size of the chains. Our estimated value of the average
entanglement length is 〈Ne〉 = 36.2 for N = 300 and
〈Ne〉 = 36.6 for N = 500. These results suggest that we
are rather close to the asymptotic value of entanglement
length N∞e . We have also plotted NeP (Ne) in Fig. 15b
and we find that the position of the peak of NeP (Ne)
coincides with our estimated value of 〈Ne〉 ≈ 36.5. This
observation is in agreement with the PPA analysis results
for the Kremer-Grest (FENE) model [26].
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DYNAMIC SCALING OF MONOMER MOTION
To compare the dynamic behavior of polymer melts
with the predictions of the Rouse and reptation theories
[19], we measure the mean square displacement (MSD) of
monomers for short (N < Ne) and long chains (N > Ne).
The quantities often used to characterize the segmental
motion of polymer chains in a melt are listed below.
i) the mean square displacement of inner monomers
g1(t) =
1
nc(N/2 + 1)
nc∑
i=1
3N/4∑
j=N/4
〈[ri,j(t)− ri,j(0)]2〉 (23)
where only the monomers in the central region of a chain
are considered to suppress the fluctuations caused by the
chain ends.
ii) the mean square displacement of inner monomers with
respect to the corresponding center of mass (c.m.) ob-
tained as:
g2(t) =
1
ncN
nc∑
i=1
N∑
j=1
〈[(ri,j(t)−ri,cm(t))−(ri,j(0)−ri,cm(0))]2〉
(24)
iii) the mean square displacement of the center of mass
of chains defined as:
g3(t) =
1
nc
nc∑
i=1
〈[ri,cm(t))− ri,cm(0))]2〉 (25)
For short chains the topological constraints do not play
a dominant role. Hence, all the interchain interactions
can be absorbed into a monomeric friction and a coupling
to a heat bath. The dynamics of the chain can then
be described by a Langevin equation with noise and the
constraint that the monomers are connected to form a
chain. This description is known as the Rouse random
walk model [1, 19]. Beyond the microscopic timescale
τ0, the Rouse model predicts that both g1(t) and g2(t)
scale as ∼ t1/2 for timescales τ0 < t < τR in which τR =
τ0N
2 is known as the Rouse time. It corresponds to
the longest relaxation time of polymers. At longer times
corresponding to t > τR, g1(t) is expected to follow the
Fickian diffusion and scale as t whereas g2(t) is predicted
to exhibit a plateau. The mean-square displacement of
chain’s center of mass is predicted to be diffusive g3(t) =
6Dcmt at all the times t > τ0 with the diffusion coefficient
scaling as Dcm ∼ 1/N .
Fig. 16 presents the results of computed g1(t), g2(t)
and g3(t) for short non-entangled polymers of chain
length N = 30. The microscopic timescale τ0 ≈ 3.1τ
is obtained as the time for which g1(t) = `
2
b where τ is
the Lennard-Jones (LJ) time unit. The Rouse time is es-
timated as τR = τ0N
2 ≈ 2.79×103τ . The dotted vertical
lines mark the microscopic and Rouse timescales. As can
be seen the Rouse timescale agrees well with the crossover
points between two different scaling regimes. The hori-
zontal dotted lines in Fig. 16 depict the values of g1(t)
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FIG. 16. Mean square displacement (MSD) of inner
monomers g1(t), MSD relative to the center of mass of each
chain g2(t) and the MSD of center of mass g3(t) of polymers
of length N = 30 as a function of time. The solid lines show
the best fits with power law for timescales smaller and larger
than the Rouse time τR. shown by solid lines for comparison.
and g2(t) at t = τR. We find that g1(τR) ≈ 〈3R2g(N)〉
and g2(τR) ≈ 〈2R2g(N)〉. The solid lines show the best
fits with power law. For timescales smaller than a Rouse
time, g1(t) and g2(t) exhibit a subdiffusive behavior with
exponents 0.64 and 0.6 which are slightly higher than
the Rouse random walk model scaling prediction of t1/2.
The observed disagreement most likely originates from
the finite persistence length of polymers. Additionally,
at this regime g2(t) is dominated by the crossover to the
plateau. For chains with a persistence length smaller
than their contour length, one expects that the monomer
mean-square displacement scaling exponents to interpo-
late between those of the Rouse models for polymers with
zero persistence length, i.e. t1/2 [1, 19] and semiflexible
worm-like polymers t3/4 [45].
The mean square displacement of center of mass of
polymers also deviates from the Rouse theory. At inter-
mediate times τ0 < t < 200 τ , it displays an apparent
power law of the form g3(t) ∼ t0.83 before a crossover to
the expected diffusive regime. The observed subdiffusive
behavior is predicted by the recent theories [46, 47] that
account for the viscoelastic hydrodynamic interactions.
These theories attribute the anomalous behavior of g3(t)
in the transient regime to incomplete screening of hydro-
dynamic interactions beyond the monomer length com-
bined with the time-dependent viscoelastic relaxation of
the melt. This leads to a subdiffusive motion which is
not described by a pure power law; an effective exponent
should decrease with chain length, but asymptotic behav-
ior is reached extremely slowly [46, 47]. Inspection of Fig.
16 shows that the data of g3 indeed exhibits a curvature
with respect to the fitted power law and the effecctive
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FIG. 17. a) Mean square displacement of inner monomers g1(t) b)mean square displacement of monomers with respect to the
center of mass of the each chain g2(t) and c) mean square displacement of center of mass g3(t) (green) and g1(t) (black) plotted
versus time for N = 300.
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FIG. 18. a) Mean square displacement of inner monomers g1(t) b)mean square displacement of monomers with respect to the
center of mass of the each chain g2(t) and c) mean square displacement of center of mass g3(t) (green) and g1(t) (black) plotted
versus time for N = 500.
exponent of 0.83 is quite close to 1. The asymptotic dy-
namic scaling exponent for fully flexible chains with the
Langevin dynamics is predicted to be 3/4. Considering
the finite persistence length and chain size, this value is
not surprising.
In long entangled polymer melts, each chain is ex-
pected to move back and forth (reptation) inside an imag-
inary tube with a diameter dT ≈ N1/2e `b ∼ Re(Ne)
and a contour length L(pp) around the so-called primi-
tive path. Such a dynamical tube-like confinement affects
the segmental motion of entangled polymers. According
to the reptation theory, the dynamic scaling behavior
of MSD should exhibit a crossover behavior at several
timescales, the microscopic timescale τ0, the entangle-
ment time τe ∼ τ0N2e , the Rouse time τR ∼ τ0N2, and
the disentanglement time τd ∼ τ0N3/Ne for long chains
with N  Ne. The scaling predictions of reptation the-
ory for various time regimes are given by [19, 48]:
g1(t) ∼

t1/2, τ0 < t < τe
t1/4, τe < t < τR
t1/2, τR < t < τd
t, τd < t,
(26)
Likewise, g2(t) is predicted to show the same regimes
for t < τd but to go to a plateau with a value of 2〈R2g〉
for t > τd. The reptation theory predicts the following
scaling behavior for the polymer center of mass mean
square displacement
g3(t) ∼

t, t < τe
t1/2, τe < t < τR
t, τR < t
. (27)
To examine these scaling predictions, we compute
g1(t), g2(t) and g3(t) for chain lengths N = 300 and
N = 500 up to t ≈ 2×107τ . These chain lengths include
on the average 8 and 14 entanglement lengths. The re-
sults of computed g1(t), g2(t) and g3(t) are presented in
Figs. 17 and 18. For both chain lengths, similar to the
predictions of reptation theory, we observe crossovers be-
tween several scaling regimes. We first estimate the pre-
dicted crossover timescales. The microscopic timescale
τ0 ≈ 3.1τ is identical to that for short chains. The en-
tanglement time is estimated as the Rouse time of the
chain segment between two consecutive entanglements;
τe = τ0N
2
e ≈ 4.13× 103τ . Likewise the Rouse time is ob-
tained as τR(N) = τ0N
2 leading to τR(300) ≈ 2.79×105τ
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and τR(500) ≈ 3.28 × 106τ . The longest relaxation
time determined as τd(N) = τ0N
3/Ne corresponds to
τd(300) ≈ 2.29 × 106τ and τd(500) ≈ 1.08 × 107τ . The
vertical lines in Figs. 17 and 18 mark these timescales.
As can be noticed these timescales agree well with the
crossover points between different scaling regimes for
both chain lengths.
The horizontal dotted lines in panels a and b of Figs.
17 and 18 present the values of g1(t) and g2(t) at the
corresponding timescales according to the reptation the-
ory predictions. At t = τe where a Rouse chain of Ne
monomers is relaxed, the monomers displacement should
be proportional to the mean squared diameter of the con-
fining tube diameter dT . Assuming that d
2
T ≈ R2e(Ne)
and the Gaussian picture for the tube, we expect that
g1(τe) ∼ d2T /3 ≈ 2R2g(Ne). For t > τe where the entan-
glement effects set in, monomer motions are restricted to
movements along the contour of the confining tube with
a contour length LT = dTN/Ne until reaching the Rouse
timescale τR(N). Since the tube itself is a random walk
with a step length dT , the displacement of a monomer
at t = τR is g1(τR) ∼ d2T (N/Ne)1/2 ∼ (NNe)1/2`2b .
For τR < t < τd, the dynamics of g1(t) is expected to
crossover to a second t1/2 regime which corresponds to
the diffusion of the whole chain inside the tube-like re-
gion. After reaching the disentanglement time (reptation
time) a chain has moved a distance comparable to its
own size g1(τd) ≈ g3(τd) ≈ 〈R2e(N)〉/2 = 3〈R2g(N)〉. The
initial tube is completely destroyed and a new tube-like
regime reappears. We find a good agreement between the
measured values of g1(t) and g2(t) at various crossover
timescales and the predictions of the reptation theory.
Having determined the crossover time and length
scales, we obtain the dynamic exponents at various scal-
ing regimes. The best fits of g1(t) and g2(t) with power
laws are shown by solid lines in Figs. 17 and 18. In
the first scaling regime, τ0 < t < τe, we find that
g1(t) ≈ g2(t) ∝ t0.6 and the scaling exponent is larger
than 1/2. This difference could again be attributed to
the finite persistence length of chains as Ne/`K ≈ 6 is
not large enough to fall in the random walk regime. In
the second regime τe < t < τR, the obtained exponents
of g1(t) and g2(t) are 0.36 and 0.38 for N = 300 and 0.31
and 0.35 for N = 500. These values are noticeably larger
than the predicted 1/4 exponent. These deviations are
probably because chains are not long enough to fully de-
velop this reptation regime. These results suggest that
much longer chains with N/Ne  1 are needed to observe
the predicted exponent in the asymptotic limit [49]. Nev-
ertheless, upon increasing the chain length, the obtained
exponents for the second scaling regime slightly improve.
In the third regime, τR < t < τd, g1(t) ∝ t0.55 and the ex-
ponents of both chain lengths are slightly larger than 1/2.
In this regime, g2(t) ∝ t0.3 for N = 300 and g2(t) ∝ t0.32
for N = 500. Unlike the theoretical predictions g2(t)
scaling significantly differs from that of g1(t). This dis-
crepancy is also most likely because N/Ne is not suffi-
ciently large; the fit region includes the broad crossover to
the asymptotic plateau. At the disengagement time, we
find that the relation g1(τd) ≈ g3(τd) roughly holds. For
N = 300, we can observe the free diffusion regime of g1(t)
beyond τd where g1(t) ≈ g3(t) and for the g2(t > τd),
we observe the expected plateau value of 2〈R2g(N)〉 for
nearly two third of a decade. For N = 500, much longer
simulation times are required to obtain reliable results
for t > τd.
Finally, we examine the scaling behavior of the mean
square displacement of the center of mass of polymers.
In contrast to the predictions of reptation theory, we ob-
serve two distinct scaling regimes for t < τR. The first
one corresponds to τ0 < t < τe where g3(t) exhibits a
subdiffusive behavior with g3(t) ∝ t0.76 for N = 300 and
g3(t) ∝ t0.78 for N = 500. Similar to the short chains,
this subdiffusive behavior results from the coupling to
time-dependent viscoelatic relaxation of the melt back-
ground [46, 47]. At timescales τe < t < τR, we observe
a second scaling regime where g3(t) ∝ t0.68 for N = 300
and g3(t) ∝ t0.62 for N = 500. These exponents again
are notably larger than the theoretical predictions due to
the finite size of the chains, but as expected, they sys-
tematically decrease with chain length.
CONCLUSIONS
We have investigated the static and dynamic proper-
ties of polymer melts of a locally semiflexible bead-spring
model known as the CG-PVA model [10, 28]. The main
distinctive feature of this model system is a triple-well
bending potential that leads to polymer crystallization
upon cooling of the melt. We have equilibrated polymer
melts with chain lengths 5 ≤ N ≤ 500. The results for
the long chains allow us to determine the Kuhn length
`K , the persistence length `p and the entanglement length
Ne of the model polymers accurately as summarized in
Table II. We note that the relation `K ≈ 2`p holds for
the semiflexible CG-PVA polymers.
`b/σ 〈cos θ〉 C∞= `K/`b `p/`b Ne
0.497 0.699 5.70 2.85 36.5
±0.002 ±0.005 ±0.04 ±0.01 ±0.5
TABLE II. Summary of characteristic features of CG-PVA
model where `b is the average bond length, θ is the angle be-
tween two successive bonds, `p, `K and Ne are the persistence
length, Kuhn length and entanglement length, respectively.
We have also examined the validity of Flory’s ideality
hypothesis for this model system. Our detailed examina-
tion shows that the conformations of CG-PVA polymers
agree with many of the theoretical predictions for ideal
chains. Notably, long polymer melts with N > 50 follow
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the scaling relations 〈R2e〉/〈R2g〉 = 6 and 〈R2e〉 ∝ N valid
for ideal chains. The probability distribution functions of
the reduced end-to-end distance re = (R
2
e/〈R2e〉)1/2 and
the reduced gyration radius rg = (R
2
g/〈R2g〉)1/2 for chain
lengths N ≥ 100 also collapse on universal master curves
that are well described by the theoretical distributions
for the ideal chains.
Investigating the intrachain correlations, we find evi-
dences for deviations from ideality. However, these non-
Gaussian corrections are rather small and do not affect
most of the large-scale conformational features. The
mean square internal distances of short chains show an
excellent agreement with the predictions of the gener-
alized freely rotating chain model [18] whereas those of
longer chains are slightly larger. The observed swelling
of longer chains reflects an incomplete screening of ex-
cluded volume interactions and is most likely related to
the correlation hole effect [21, 27]. We also compare the
non-Gaussian parameter of CG-PVA polymers with that
of the freely rotating chain model. The agreement is
rather good and we only observe some small deviations
for long chains.
Carefully examining the bond-bond correlations of
long chains at T = 1 ≈ 1.1Tc, we do not observe any long-
range bond-bond correlations. Instead, the triple-well
angle-bending potential leads to weak anti-correlations
for curvilinear distances of about n ≈ 20. The observed
anti-correlation is a precursor of chain backfolding in
the melt at temperatures slightly above the crystalliza-
tion temperature. This feature is further enhanced in
the semicrystalline state and it is a signature of chain-
folded structures [28, 29]. The anti-correlations suppress
long-range bond-bond correlations but the long-range in-
trachain correlations are visible in the second Legendre
polynomial of the cosine of angles between the bonds,
〈P2[cos θ(n)]〉, that exhibit a power law decay in analogy
to the reports for 2D polymer melts [34].
Moreover, we have investigated in detail the intrachain
and interchain structure factors of different chain lengths.
The interchain structure factor is almost independent of
the chain length whereas the intrachain structure factor
Sc(q) depends on N as expected. We find that Sc(q) of
sufficiently long CG-PVA polymer are well-described by
the Debye function for length scales larger than the Kuhn
length. The agreement with the Debye function improves
upon increase of N . Notably, we observe a plateau in the
Kratky plot for the range 2 < qRg < 20. Our results
are in contrast with the findings for fully flexible chains
that exhibit significant deviations from the Debye func-
tion at intermediate wave-vectors [21, 23, 24]. But, they
agree with the recent findings that increasing the bend-
ing stiffness of the chains in a melt, irrespective of details,
improves the agreement with the ideal-chain limit [26].
Using the primitive path analysis, we have determined
the average entanglement length Ne of long and equili-
brated chains and we have compared the original poly-
mer paths with their primitive paths. Probing the bond-
bond orientational correlation function and the mean
square internal distance of primitive paths, we confirm
the assumption that polymers behave nearly as Gaussian
chains along their primitive paths. Notably, the Kuhn
length of the primitive path `
(pp)
K is more than twice the
`K of the original path. The average bond length of prim-
itive paths follows a Gaussian distribution and the peak
of the first moment of the entanglement length proba-
bility distribution agrees with the average entanglement
length.
Investigating the segmental motion of entangled poly-
mer melts, we observe several scaling regimes as predicted
by the reptation theory. The crossover time and length
scales between distinct scaling regimes agree with the
predictions of the reptation theory [19, 48]. However
the dynamical exponents of monomer mean square dis-
placements are different from those of the theory most
probably due to the finite persistence length and size of
polymers. The mean square displacement of center of
mass of polymers also exhibits an anomalous diffusion
at the timescale where the Rouse and reptation theories
predict a Fickian diffusion. However, our results are qual-
itatively consistent with the more recent theories [46, 47]
that attribute the subdiffusive motion of polymers center
of mass to viscoelastic hydrodynamic interactions. It still
remains an open question, how a finite persistence length
of polymers affects quantitatively the dynamic exponents
of center of mass particularly in the reptation regime.
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